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Abstract
The total chromatic number T(G) of a graph G is the least number of colours needed to
colour the edges and vertices of G so that no incident or adjacent elements receive the same
colour. This paper shows that if G has odd order, minimum degree (G) and r(G) vertices of
maximum degree (G) such that (G) + (G)> 32 jV (G)j+ r(G) + 52 , then T(G) = (G) + 1.
c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The graphs we shall consider are nite and simple. We denote the vertex set,
edge set, maximum degree, minimum degree, and chromatic index of a graph G by
V (G); E(G); (G) (or simply ); (G) (or simply ) and 0(G), respectively. We
denote the degree of a vertex x in G by dG(x).
A famous result of Vizing says that for any graph G; (G)60(G)6(G) + 1. If
0(G)=(G); G is said to be class 1, and if 0(G)=(G)+1; G is said to be class 2.
The subgraph induced by those vertices of maximim degree (G) is denoted by G and
is called the core of G. The number of vertices of maximum degree in G is denoted by
r(G). In a given vertex colouring of G, the set of all vertices assigned the same colour
is called a colour class. A total colouring of G is a function  : V (G) [ E(G)! C
where C is a set of colours such that no adjacent or incident elements of V (G)[E(G)
receive the same colour. The minimum number of colours for which there exists a
total colouring of G is called the total chromatic number T(G) of G. For any graph
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G, clearly T(G)>(G) + 1. Behzad [1] and Vizing [17] independently made the
conjecture that for any graph G,
T(G)6(G) + 2:
This is known as the total colouring conjecture and is still unproven. See [4,15,19]
for surveys on total colourings. If T(G) = (G) + 1; G is said to be type 1 and if
T(G) = (G) + 2; G is said to be type 2. An example of a type 1 graph is a tree
with at least three vertices.
Dene the deciency of a graph G to be
def (G) =
X
v2V (G)
((G)− dG(v)) :
Following [5], G is said to be conformable if G has a vertex colouring that uses
(G) + 1 colours and def (G)>n where n is the number of colour classes with parity
dierent from jV (G)j. Chetwynd and Hilton [5] proved that if G is type 1, then G
is conformable, with the converse not necessarily true. For a type 1 graph G which
is also regular, being conformable simply means that G has a vertex colouring with
(G) + 1 colours, where the number of vertices of each colour class is congruent to
jV (G)j (mod2). It is proved in [10] that if G is a regular graph of odd order and degree
d>
p
37−1
6 jV (G)j, then G is type 1 if and only if G is conformable; otherwise G is type
2, which slightly improves a result in [7]. Hamilton et al. [13] proved that if G is of odd
order and (G)> 13 [
p
7jV (G)j+def (G)+ (p7− 2)] and def (G)6jV (G)j −(G)− 1,
then G is type 1 if and only if G is conformable, otherwise G is type 2. Note thatp
7
3  0:882. Yap et al. [18] provided a complete classication of graphs of odd order
2n+ 1 having maximum degree 2n− 1 into type 1 or type 2.
The classication of graphs of even order and high degree into type 1 or type 2 is
a much more dicult problem and has only been solved for (G)>jV (G)j − 2 (see
[3,14]). In [3] it is shown that the graph obtained by subdividing a single edge of a
complete graph of odd order is type 2 but it is not conformable.
Hamilton et al. [13] made the following conjecture.
Conformability Conjecture. Let G be a graph with (G)=> 12 (jV (G)j+1). Then G
is type 2 if and only if G contains a non-conformable subgraph H with (H)=(G);
or (G) is even and G contains a subgraph H obtained by subdividing an edge
of K+1.
As pointed by Chetwynd and Hilton [5], the bound of 12 (jV (G)j + 1) cannot be
lowered since the complete bipartite graph Kn;n with even n, is conformable and type 2.
This conjecture revises a conjecture of Chetwynd and Hilton [5] which says that if
(G)> 12 (jV (G)j+ 1), then G is type 2 if and only if G contains a non-conformable
subgraph H with (H) = (G).
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2. Preliminary results
We give here some known results which will be needed later. The rst result is a
well known theorem of Dirac [11].
Lemma 1. Let G be a graph with minimum degree (G)> 12 jV (G)j. Then G has a
Hamilton cycle.
The next useful result is due to Erd}os and Posa [12].
Lemma 2. A graph G contains a matching of size at least minf(G); b 12 jV (G)jcg.
Let H be a graph with vertices u1; : : : ; up; vt ; : : : ; v0; v1; : : : ; vp where t60 and such
that fu1v1; : : : ; upvpg is a matching of H and E(H) contains edges only of the form:
uivj with i6j and vivj with i>1 or j>1. This graph H is rst described in [6]. We
shall say M is an essential matching of H and H has class 1 structure. The following
result is proved in [9].
Lemma 3. Let H be a subgraph of G induced by vertices such that H has class 1
structure. If V (G)V (H); then G is class 1.
If H = G, then this is a special case of a result of Chetwynd and Hilton [6].
3. New results
We now come to the rst result.
Lemma 4. Let G be a graph of odd order and maximum degree (G)>max
f 12 jV (G)j− 1; r(G)− 1g and m= jV (G)j−(G)− 1. Then there are m disjoint pairs
Si = fxi; yig (16i6m) of nonadjacent vertices in G and G is conformable.
Proof. The complement G of G has minimum degree m= jV (G)j − − 16 12 jV (G)j.
By Lemma 2, G has a matching P = fx1y1; : : : ; xmymg of size m. Let Si = fxi; yig for
i=1; : : : ; m. Then S1; : : : ; Sm are m disjoint pairs of nonadjacent vertices. Dene a vertex
colouring  of G by assigning colour i to both xi and yi in Si for 16i6m and one
colour to each of the remaining jV (G)j − 2m vertices not belonging to any of the Si.
The total number of colours used by  is jV (G)j −m= + 1 and there are m colour
classes of cardinality 2. Since r(G) is the number of vertices of maximum degree, we
have
def (G) =
X
v2V (G)
((G)− dG(v))>jV (G)j − r(G)>jV (G)j − − 1 = m;
and so G is conformable.
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We are now ready to state the main theorem.
Theorem 1. Let G be a graph of odd order and
(G) + (G)> 32 jV (G)j+ r(G) + 52 :
Then G is type 1.
Proof. Let =(G) and m= jV (G)j−−1. Behzad et al. [2] showed that a complete
graph of odd order is type 1 and so any graph of odd order and maximum degree
jV (G)j − 1 is also type 1. So we may assume m> 0. We rst show that G satises
Lemma 4. Now
2>+ > 32 jV (G)j+ r(G) + 52
and so > 34 jV (G)j + 12 r(G) + 1. Clearly  − r(G)> 34 jV (G)j − 12 r(G) + 1>1. It
follows that >maxf 12 jV (G)j− 1; r(G)− 1g and so by Lemma 4, there are m disjoint
pairs Si = fxi; yig (16i6m) of nonadjacent vertices in G. Let S1 [    [ Sm = S and
let  be the number of vertices of degree 6 − 1 and not belonging to S. Then
jV (G)− Sj= jV (G)j − 2m6+ r(G). So
> jV (G)j − 2(jV (G)j − − 1)− r(G)
= 2− jV (G)j − r(G) + 2
> jV (G)j − − 1 = m:
This means that there are m distinct vertices zi of degree 6− 1 and such that zi 62 S
for 16i6m.
Form a new graph G by adding a new vertex v to G and joining v to each vertex
of V (G) − S by an edge. We now briey outline the subsequent steps in the proof.
We rst remove certain edge-disjoint matchings from G where some of the matchings
miss both vertices in Sk in such a way that all the vertices of maximum degree of the
resultant graph come from a vertex set which induces a subgraph which has class 1
structure. By Lemma 3, this resultant graph is class 1. We can then modify an edge
colouring to obtain a total colouring of G that uses only + 1 colours.
We note that dG(v)=jV (G)j−jSj=jV (G)j−2m, and so dG(v)=+1−m. Let H
be the subgraph of G induced by V (G)[fz1; : : : ; zm; vg and let jV (H)j=q (=r(G)+
m+1). By the construction of G; v is adjacent to z1; : : : ; zm in H . Choose M to be a
maximal matching of H containing xv where x can be any vertex adjacent to v in H .
Let M=fu1v1; : : : ; upvpg such that vp=v. The remaining vertices vt ; : : : ; v0 of H , where
t60, clearly induce a null graph. Let L = fu1; : : : ; upg and R = fvt ; : : : ; v0; v1; : : : ; vpg.
Note that q = 2p + 1 − t. Following [6], we now dene q − 2 pairwise edge-disjoint
matchings Mi of the complete graph on the vertices of V (H) as follows:
Mi = fu1v1−i ; u2v2−i ; : : : ; upvp−ig if 16i61− t;
Mi = fui+tvt ; ui+t+1vt+1; : : : ; upvp−ig if i = 2− t;
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Mi = fu1ui+t−1; u2ui+t−2; : : : ; ub i+t−12 cud i+t−12 e+1g
[fui+tvt ; ui+t+1vt+1; : : : ; upvp−ig if 3− t6i6p− t;
Mi = fui−p+tup; : : : ; ub i+t−12 cud i+t−12 e+1g if p+ 1− t6i6q− 2:
Diagrams illustrating the matchings Mi can be found in [6]. The set M1 [    [Mq−2
consists of all edges of V (H) except for edges which join ui to vj with i6j and which
join vi to vj for any i and j. It can be veried that jMij6 12 (q− i) for 16i6q−2. The
matching Mi also has the property that if 16i6p−t, then fvp−i+1; : : : ; vpg\V (Mi)=;
and if p+1− t6i6q−2, then (fu1; : : : ; ui−p+t−1g[R)\V (Mi)=;. For convenience,
we agree that Mi = ; for i = q − 1; q as we later need to remove q edge-disjoint
matchings rather than q− 2 edge-disjoint matchings.
Let Wi = (Si [ fzig) \ V (H) for 16i6m. Since zi 2 V (H); Wi 6= ; for each i.
If Wj \ L = ;, then Wj fvj0 ; vj0+1; : : : ; vpg for some j0 2 ft; t + 1; : : : ; pg such that
vj0 2 Wj. If Wj \ L 6= ;, then Wj R[ fu1; u2; : : : ; uj0g for some j0 2 f1; 2; : : : ; pg such
that uj0 2 Wj. We dene
wj =

vj0 if Wj \ L= ;;
uj0 if Wj \ L 6= ;:
Observe that if upwj 2 Mk−1 for some k−16q−2 then upwj 62 Mk and so all vertices
of Wj are not incident with any edge of Mk (with Mk = ; if k>q− 1). It follows that
all vertices of Sj [ fzjg are not incident with any edge of Mk . This fact will be used
in the construction of more edge-disjoint matchings Fk .
We now claim that there are q pairwise edge-disjoint matchings F1; : : : ; Fq of G
such that,
(a) (Mk \ (E(H))− (F1 [    [ Fk−1 [M) =Mk Fk ;
(b) Gk=G−(F1[  [Fk−1[M)−V (Mk ) has a matching Ck that misses precisely
all vertices of Tk where Tk is dened as follows:
Tk =

Sj [ fzj; vg if upwj 2 Mk−1 for some wj 2 Wj or if k = q and up = wj;
; otherwise:
(c) Fk =Mk [ Ck .
Since G has even order and we want Fk to contain Mk , we must make sure that
jTk j is always even and no vertex of Tk is incident with any edge of Mk . It suces
to consider the case when Tk 6= ;. Since zi 62 Si for 16i6m, jTk j = 4. We have
shown that (Sj [ fzjg) \ V (Mk) = ;. So we need only to show that v 62 V (Mk ).
Since v = vp and by the denition of Mk , vp 62 V (Mk) for any k. It follows that
Tk \ V (Mk ) = ;. If F1; : : : ; Fq have been constructed according to conditions (a){(c),
then (M1[  [Mq)(F1[  [Fq) and Fk \M =; for each k and H − (F1[  [Fq)
has essential matching M and has class 1 structure. Also since q= r(G)+m+1, every
Sj [ fzjg is missed by precisely one Fk .
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We now suppose pairwise edge-disjoint matchings F1; : : : ; Fk−1 have been constructed
according to (a) to (c) where 16k6q. Let Gk = Gk − Tk which is of even order. It
suces to show that Gk has a perfect matching Ck as then clearly Fk =M

k [ Ck is
the desired matching. We let
Dk = (Gk )− 12 jV (Gk )j:
By Lemma 1, if Dk>0, then Gk has a Hamilton cycle which is necessarily of even
length. Since jTk j64, jMk j= 12 jV (Mk )j6 12 (q− k) and so we have
Dk > − k − jV (Mk )j − jTk j − 12 (jV (G)j+ 1− jV (Mk )j − jTk j)
= − 12 jV (G)j − 12 − (k + jMk j+ 12 jTk j)
> − 12 jV (G)j − 12 − (q+ 2)
> − 12 jV (G)j − 12 − (r(G) + m+ 1 + 2)
> + − 32 jV (G)j − r(G)− 52>0:
Thus we can choose Ck to be a set of alternate edges of a Hamilton cycle of Gk .
Clearly Ck is the desired perfect matching. This shows that the matchings F1; : : : ; Fq
exist.
We next consider the graph G+ = G − (F1 [    [ Fq). We claim that G+ has
maximum degree  + 1 − q and all vertices of maximum degree in G+ come from
V (H). Now dG(v) =  + 1 − m and v is missed by precisely m matchings from
fF1; : : : ; Fqg and so
dG+(v) = + 1− m− (q− m) = + 1− q:
Let x 2 V (G) and we distinguish two cases.
Case 1. x 2 S. Then x is missed by precisely one Fk and is nonadjacent to v in
G and so dG+(x)=dG(x)− (q−1)=dG(x)+1−q and clearly if dG+(x)=+1−q,
then dG(x) = , that is, x 2 V (H).
Case 2. x 62 S. Then x is adjacent to v in G. If x 62 fz1; : : : ; zmg, then x is not
missed by any Fk and so
dG+(x) = dG(x)− q= dG(x) + 1− q
and clearly if dG+(x)=+1−q, then dG(x)=. If x 2 fz1; : : : ; zmg then dG(x)6−1
and x is missed by one Fk and so
dG+(x) = dG(x)− (q− 1) = dG(x) + 2− q6+ 1− q:
Therefore vertices of maximum degree in G+ come from V (H) and the graph H −
(F1 [    [ Fq) has class 1 structure. By Lemma 3, G+ is class 1.
Let  be an edge colouring of G+ that uses +1−q colours. We now form a total
colouring  of G that uses + 1 colours as follows:
(e) = (e) if e 2 E(G) \ E(G+);
(v) = (vv) if vv 2 E(G+);
(e) = k if e 2 E(G) \ Fk;
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(v) = k if vv 2 Fk;
(v) = k if v 2 Sj which is missed by Fk in (b):
It can be checked that  is indeed a total colouring of G.
Corollary 2. Let G be a graph of odd order with (G)> 34 jV (G)j+ 12 r(G)+ 34 . Then
G is type 1.
Proof. Clearly r(G)< jV (G)j and so >+ 1. Then
+ >2+ 1> 32 jV (G)j+ r(G) + 52 :
By Theorem 1, G is type 1.
4. For further reading
The following references are also of interest to the reader: [8,16].
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